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An improvement of fixed point theorems for quasi-contractive
mappings on non-normal cone metric spaces with Banach algebras
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(Department of Mathematics, College of Science, Yanbian University, Yanji 133002, China)

Abstract: A new quasi-contractive condition is studied. It is proven that the self-mappings satisfying the
new contractive condition has a unique fixed point on non-normal cone metric spaces with Banach alge-
bras. Furthermore, a unique fixed theorem under the more general quasi-contractive condition is given.
The obtained result generalizes and improves some well-known fixed point theorems for quasi-contractive
mappings.
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B, fE3cik [8 101 5|k T A4 Banach
PRBCHHE 23 1] F A5 3 T —S63f ) i R 30 58
ORI, Liv 0 7EIE A T AR T XTI
WS AN B S A E B, 205, s
I Huang 25" 43 551 WG A A ] 4 7 =R 3E 90 7 763k
ER AT SCHk (9] sPaEm s LR %,
JIr G S AT — R 17 3

TEATSC, WUy FISCEk (11 - 12] HEgBrsE s
WIS A SCHR (1] P RHE AR S e T
B FITRIE MRS T BB AR S S B, i A
Schk [9, 11 -12] spgkiRi4h

1 FEARHN

WA SUESE Banach U8, RPA 2 H AL IZ
TS Banach 25 8], Oz B0 2 TF BT (XHE
filx,y,2z e A,a € R):

(1) (xy)z = x(yz)

(ii) x(y +2) = xy +xz,(x +y)z = xz + yz3

(iii) a(xy) = (ax)y = x(ay);

Gv) eyl lllllyllo

AR A A AT (RISREAALID) e
{FIES v € A¥H ex = xe = x, —PJCx € A
PR AT, ARAFERRZ A TTHICy e A filf
Byx = xy = e x IICy H o7 Fom. HECHR
[13],

A ER 17 %A 2B A BAIIC e BYSE Banach
REH « e A QR « W3EEAR r(2) < 1, AP

r(x) = }EQH%"H’IT = inf a7 < 1
M (e —x) EMTWRY, HA
e —x = in
1=0
F1 D) MMEfTx e A, r(x) < ||xo BRI ICHE
[13];

i) WERATE 1 B0 r(x) <1 M [Ix] < 1
B, WIZERAIR AL

F2 WmEr(x) <1, W x| >0(n— o B]),
TEIWLSCER [12] .

FREAZEICO0 1Y Banach fUEL A 1975 P RHE,
pUES

(i) PI2ARAS AL HIH L {0,ef C P;

(ii) XHEfTIER LA «, B, aP + BP C P;

(iii) P* = PP C P;

(iv) PN (=-P) = {0},

XTHEMREP CA, EXRT PIRIET <

TrasyXHMN Yy -v e Pox <yFnasyfd
x #y, Mo <yFny-x e intP, HiintP FoR P
N . FR P B ARHE R3S intP #£ O, FEAL, MR
WP IERHEH < BXTF PIET.

PREE P IE R 2 48 A7 18 IE S50 M AR X0 A E:
fifx,y e A,

0 <x<y=|x|<klyl

W 2 R SR 0 /I IE B MR RR R PO IE e

'/_EH,SL 1[8—10]
A 2

(i) XHFf x,y € X,d(x,y) =0 H d(x,y) =
0 HHALY  x = y;

(il) MM 2,y € X,d(x,y) = d(y,x);

(iii) XHEM x,y,z € X,d(x,z) < d(x,y) +

WX # o PG d. X x X —

d(y,z).
WIFR dJ& X FRYHERE &, (X,d) /& HA Banach
B A HEE masE] .

iE3 KT HA Banach Y HEE & %5 H] 1)
Bl Al 2 3Gk [8 -10]

EX 28 3% (X,d) J A4 Banach {4k A
RS, x e X H {x, | & X PRFH], N

(i) B fa, | BT x RAEXH T c € A Hoe =
0, FA7E HAREL N AR TEAT n = N, d(x,,x) < ¢
ith }Lrgxn = x B x, >,

(i) B v, | RATPGR AR c € A He
0, fA1E A REUN A XHEAT n,m = N, d(x,,%,)

Co

=
=<

(iii) FR (X,d) BEHENZETE (X,4) P&
FIPE P HNERLE (X, d) Hlledl.

5138 1147 ¥ E R HATIRHE P i Banach 25
[ ZXATE M ¢ =0, iiT0<u<ec, Mu =0,

5172 217 % E S EATHE P Y Banach 53
o 2 [lx, [0 (Y x— o0 BF), WXEfTc =0,
TEAE FURBON AR HEf n = N, x, < ¢,

EX 31T B P Banach fUSK A 1A
o BITH) {u, b CPRe —JFH, WERIHEM ¢ =
0, fAEHREN HEEXMET n = N, u, <c,

g 2 P P Banach fRBL A R4,
[, ) F1 {y, 0 &P WA, WE (x| A
ly,) #BEc - ¥ Ha,8=0, M {ax, +By,| i
c -5,

&3 31 % P J2 Banach fR% A PG AHE,
x| & P HFH . WIF 5 ar a4
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(i) {w,t JEc - F51;

(il) XMET ¢ = 0, FE7E HIREL N, (AR
n=N Bfu, <c;

(iii) XA ¢ =0, fFFAE B IREUN, (15X TAn]
n=N,Hfu <c,

R 4" W P2 Banach fREL A thi f
He, ke PRATESENMEH {u, | & c - JFF,
Mk, | 2 ¢ - P,

5" B (X,d) JEHA Banach fUA 1Y
HeERE s H P& A i iRsE, & (x| 2 X ik
T x e X WS, W

(i) {d(x,, %)t & - JF31;

(i) XHMEM A RE p, 1d(x,,2,,) 1 WiEec -
751

& 6" % A & Banach A8 H x,y € A, I
Hea By w5Zq, W r(ey) < r(x)r(y)o

EX 4 W (X,d) ZEA Banach U8 A B4
JERAE, T:X — X Z2— Wt e XHEfT« e X &
BRI n, &

0,(x,n) =
{x,Tx,T°x, -, T"x} ,0,(x, + 0 ) =
{x,Tx,T°x, 1
PR Op(x, +0) a g T -BUE, PR (X,d) N T
- BUESER AR 0, (v, + o) FHYEERIIE 551 5

s

E4 ENA R (1] AN E AERA

Banach {0 A ByHERE 25 (8] ERIVER

2 AU AN Bl R E B A

SCHER (9, 11 —12] Hrggian T X

EXS5 & (X,d) j&HA Banach fUEL A (1)4E
JE RS B o FR—AWLS T X — X B4 () 248 147
ke P Hr(k) <1 {HEXHEM x,y e X, BOL

d(Tx,Ty) < ku (1)

Hu e td(x,y),d(x,Tx),d(y,Ty) ,d(x,Ty),
d(y,Tx) | o

Scik (11 -12] 78 X B IERLAH T 2 Bl 45
BT AR SO A B PR AN B S A A B

EE 1 ¥ (X,d) 2HA Banach A% A 1958
RS, SR T X — X Rl ge wessd, B
X (D)o W THME—ARZE, HEXEMx e
X, ARTH AT} ST ZA B

N, SEE AT B — AU A B R
Bl AP

EE2 ¥ (X,d) &HA Banach A% A 4

JERZSE], T X — X GBS iR X2 T - %l
TR HAFE ke P Hr(k) <12,y e
X, WL
d(Tx,Ty) < kv(x,y) (2)
Hr o(x,y) e A(x,y) ={d(T°x,x),d(T°x,Tx),
d(T'x,y) ,d(Tx,Ty) | o W T A ME—ARB5, FHH
YR 2 e X, SAFH) { T ST ZA A
R Bl x,=x e X FHFE XL x, = T'x =
%, o0 = 1,2, W —AIFA {x, | 70 XHE
fIEER @ = 1,2, iP5 (2),
d(x,,%,,,) =d(Tx,_,,Tx;) < kv(x,_,,x;) (3)
Hrp
v(x,_,,x;) € A(x,_,,x,) =
{d( T, ,x,,) ,d(T°x,_,,Tx, ),
d(T°x,_, %) ,d(T°x,_, ,Tx,) |
Bl o(x, ,x,) € A(x;_,,%;,) = {d(x,,,,%,_,),d(x,,,,
x;),0f ¢
IR o(x, o) = d(oyy ), WARPESS (3)
1351
d(w,0,,) < kd(x,,,%,,)
WA v(x %) = dlag,, ), MRAER (3)
GE
d(x;,2,,) < kd(x,,,%)=(e —k)d(x,x,,) <0
TR AR 1 155
d(x;,%,,,) =0 < kd(x,,,,x,_,)
IR o(x, ) =0, MARYE (3) 752
d(x;,%,,,) =0 < kd(x,,,,x,_,)
EAE Sl 1= PV S
d(x;,%;,,) < kd(x,,,,%,_,),1 =12, (4)
XHETREER @ = 1,2,-+, FHKL (2),
d(x,,x,,,) =d(Tx,_,,Tx;,,) < kv(x,_,,x,,,)
(5)
HA o(w,,,0,,) € A(x,_,x,) = {d(x;,,%,),
d(xiy,%,),0,d(x ,%,0) | o
Ao(x,a) = dlag, ), WRAE (5)
1331
d(x;,x,) < kd(x,_;,x.,,)
i ”(xzflsxm) = d(x£+1’xi> , AR i = (5)
= (4) 155
d(x,,x.,,) < kd(x,,x,,,) < kd(x,_,,x,,)
Aol ,x,,) =0, WAREX (5) 1535
d(x;,%,,) <0 < kd(x,_,,x,,,)
%U(xi—l ,xm) = d(xm ax;+z) s DUJAR 5 = (5)
Mz (4) 132
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d(x;,%,,) < kd(x,,,x,) < kzd(x,,xiQ)
T
(e = k)d(x;,x,,) <0
MRAERE 6 WA r(k) < (r(k))? <1, TReidfdr
LA e — B ORAEY, B A E]
d(x;,%,,) <0 < kd(x,_,,x,,,)
i BRI B 2
[d(x;,%,,) < kd(x_,2,,) ]V [d(x;,x,) <
Kd(x x,) ], Vi=1,2, (6)
50 (6) B
d(x;,%,,,) < k<i'i+2)d(x571axi+1>, Vi=1,2,-
(7)
b (K5 = k] V [ES = B,
NEFFIER] s XHAEAT B RE 0, A A IR
LRl < i,j < nWAGT
d(xmx/> < k(e - k)_l[d(xo,xl) + d(xlaxz)}
(8)
Mn=10i=j=1,TFzENX (8) BB, HiX
n =mif (8) mior, A
d(x;,x;) <
k(e = k) '[d(xy,x,) +d(x,,x,)], V1 <ij<m
(9)
Mikn =m+1, HTH1 <i,j<smBf (8)
S, TRAB =m+ 11 <
1 T
d(x,,x,.,) =d(Tx, ,Tx,) < kv(x,_,,x,)
o o(xy,,) e Al ,x,) = td(x,x0,),
d(x;,20,,) ,d (2 ,%,) ,d (2, ,%,,0) o
(1) Z1&i = 1 W1E. Hm o(xg,x,) e
[d(x,%,) ,d(x,,2%,) ,d(%,,5,) ,d(x,,%,,,) |0

1) X o(x,x,) = d(x,x,) B,

d(x,,%,,,) < kd(xy,x,) <
E[d(xy,x,) +d(x,,x,)] <
k(e — k) "' [d(xy,x,) +d(x ,x,)]

2) Mo(xy,x,) =d(x,x,) B,

d(x,,%,,,) < kd(x,,x,) <
E[d(xy,x,) +d(x,,x,)] <
k(e — k) "' [d(xy,x,) +d(x ,x,)]

3) Holxg,x,) = d(x,,x,) W,
d(x,,%,,, ) < kd(x,,x,)
E[d(x,,x,) +d(x,,x,) ]

k[d(xy,x,) +d(x,,x,)] + kd(x,,x,,)
ZiaX (9) 13
d(x,,x,,,) < kld(xy,x,) +d(x,,x,)] +

1< m,

NN

kk(e — k) ' [d(xy,2,) +d(x,,x,)]
RfI
d(x,,x,, ) <
kle + k(e - k) _1][(1(960,961) +d(x,%,)] =
k(e = k) '[d(xy,x,) +d(x,,x,)]
4) M o(xy,x,) = d(x,,x,,.,) B,
d(x),%,.,) <
kld(x,,%,) +d(x,,x,,)] <
E[d(xy,x,) +d(x,,x%,)] + kd(x,,%,,,)
TRARH
d(x,,x,,,) <k(e—-k)"'[d(xy,x,) +d(x, ,x,)]
AU ETHE Y i = 1,/ = m + 10 (8) K
Vo
(I) ZEi = m WL, M
d(x, ,x,,,) = d(Tx Tx,) < kv(x,,_,,x,)
Hrpo(x, ,,x,) € A(x, ,x,) = {d(x,,%,.,),
d(x,,%,.,),0},
1) o(x,,%,) = d(x,,%,.,), W
d(x,,%,,,) < kd(x,_ ,x,,,) <

kl:d(xmfl ’xm) + d(xm s X+l ) J

m-1>

R
d(x,,x,,,) <k(e-k)'d(x, ,x,)

ToRMREA (4) M (7) 1532

d(x,,%,.,) <k (e-k)d(x,,.x,) <
K (e — k) k2 g Y (g x,) <
k(e — k) ' [d(xy,x,) +d(x ,x,)]

2) #o(x,,x,) = d(x,,x,.,), M

d(%,,%,,,) <
kd(x,, ,x,,,)=(e —k)d(x, ,x,,,) <0

T
d(x,,%,,) <k(e-Fk) o [d(x,2,) +d(x,x,) ]

3) #v(x,,x,) =0, WAL
d(x,,%,,) < k(e-Fk) o [d(xg,%,) +d(x,,x,) ]
e LR=FERAT Y i = m,j = m+ 1 B
(8) AT3ALo

(I 2 <i<m-1MNEL. LIS, T
i+l <m, Y o(x,,x,) BACx_,x,) FHIIC
d(x g ,%,,) ,d(x,x,,,) ,d(x,, ,x,) Z—BEAR 4R IH
98 Ji7 A 2]

d(x;,%,,) < k(x,_ ,x,) <
E(e—k) '[d(x,,x,) +d(x,x,)]
M2 o(xy,%,) = d(a,,,%,,,) B
d(x;,%,,) < kd(x;,,,%,,,) <

k[d<xi’xi+l) + d<x1 ’xm+l ) ]
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TR 1) B oo(a,,x") = dla, . ,x,,,), WARYERL

d(x,,%,,) < k(e -k)"d(x,x.,)
gL (4) F1sX (7) 4521
d(x;,x,,,) <E(e-k)'d(x_ ,x, ) <
kz(e _ k) —lk(i—l,i+l)k(i—2.i)”.k(l,3)d(x0,x2) <
k(e = k) 'd(xy,x,) <
k(e = k) '[d(xy,x,) +d(x,,x,)]
gabidirhiea A2 <is<m -1, =m+ 11
(8) WHARISL . T R256 A T LI AL A 4475 R0
X (8) Wz
XL R B n,m H 1 < n < m, ##5K
(2),

d(x,,x,) =d(Tx, ,Tx, ) < kv(x, ,,x, )
Hrbo(x, ,x,) e A(x, v, ) = Hd(x, %),
d(%,,%,,) ,d(%,,%,) ,d(x,,,%,) o &

C(n,m) = %d(xi,xj) ln<i,j<m]
Wy AR B e C(n,m) , f7fEv e C(n -
1,m) ffifs u < ko, T35

d(x,,x,) < kuy <ku, < - <
E 7w, < k'(e—k)'[d(xy,x,) +d(x,,x,)]
(10)
Herp
u, € C(n-1,m),
u, € C(n=2,m),,u,, € C(1,m)
»

U,y < k(e - k>_l[d(x03x1) +d(x,,x%,) ]
(MRHEC (8))
i1 T
||k"(e - k) _'[d(xo,xl) + d(xwxz)]”S
&1 Ce = k) T ITTd (g o) 1+ 1y oy ) 1]
HEE2H £ >0 (Y n— o W), TR
W2, XHEM ¢ =0, FAAEHREN > 1 {fifgn > N
i)
E'(e —k) '[d(xy,x,) +d(x,,%,)] <e¢
T4 50 (10) FERXEAT e =0, FA1EH
SRBUN > 1L ffifEm =n > Nitf d(x,,x,) <c, FIL
[, b 52 Op(x, +o0) WPRIPYFEHY, FrLIARYE T -
PUBR &I e Xl x, > a"
R (2), XHEM SRS n,
di«™,Tx") <
d(x" ,x,) +d(Tx, |, Tx") <
d(x" ,x,) + kv(x,_,,x") (11)
Hp oy, ,0") e A(x, 0" ) = {d(x,,%,,,),
A, %, ) s d(%,,0,2 ") ,d(x,,, Te") | o

(11) 3%

d(x",Tx") <d(x" ,x,) +kd(x, ,,x,,,)

(12)

2) A oo(x,,x7) = d(x,,x,,), WA
(11) 153

d(x",Tx") <d(x" ,x,) +kd(x,,x,,,) (13)

3) 7 o(x,,n”) = d(w,,,,x"), MIAREC
(11) 153

d(x",Tx") <d(x" ,x,) +kd(x,,, ,x") (14)

4) #o(x,,n") = d(x,,,,Te"), AR
(11) 5%

d(x",Tx") <d(x" ,x,) + kd(x,,,,Tx") <

d(x" ,x,) +k[d(x,, ,x") +d(x" ,Tx")]

Tt

d(x" ) Tx") <

(e k)" [d(x" ,x,) +k[d(x,,,x")] (15)

PRI A TR B AT HTC IS el R, il 2 — firll
5, #F

d(x™,Tx") <y,
Hpty, | 2HEP PR ¢ -, TRMREE L3,
YR ¢ =0, fFFE HARBIN 155 n > NI d(x ",
Tx™) <y, <c, ARSI B 1153 d(x” ,T0")
=0, it 2 THAZA

ARy Wi TR, WRGELX (2) 15
|

d(x",y") =d(Tx",Ty") < kvo(x",y")
Hrpo(a® ,y") e A(a”,y") = {d(x" ") ,0f . F
EEGEE T =y, Wi a” 2 THME—AZhA

i

B(x,y) =
td(x,y),d(x,Tx) ,d(y,Ty) ,d(x,Ty) ,d(y,Tx) | ;
D(x,y) =
td(x,y) ,d(x,Tx) ,d(y,Ty) ,d(x,Ty) ,d(y,Tx),
d(T’x,x) ,d(T°x,Tx) ,d(T°x,y) ,d(T°x,Ty) |

W D(x,y) = A(x,y) U B(x,5)0

ES O (X,d) BT - P&t e 1
iy (X,d) ek, @ 1RO .

E6 EM 1 UER O — B XHMEMT A
RBCn, M BREC R 1 < i) < nBEGE
d(x;,x,) < k(e = k) "'d(xy,x,) (FEILSCHR [11 -
12] BigiEl]) , (HRRXEER W R (8),

S5 E T FERE 2 JRARME T S AT 6, 153
IR HA Banach AQE Ay E T A 0% #E F & =5 |] E
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Ciric JEF (RIZERE 1) AOHET 4558

EE3 W (X,d) ZHEA Banach {8 A B
JERASE], T:X — X AW, R X 2T -Hul
SR AL e P H r(k) <1 55T x,y e
X, WL

d(Tx,Ty) < kv(x,y) (2)

Hro(x,y) e D(a,y) o W TAHME—AZhA, JFH
XHEAT « e X, AT { Tx b ST %A SR

Xk
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